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INTRODUCTION: 

 Diophantine equations have an unlimited field for research by reason of their variety. In 

particular, the Bi-quadratic Diophantine equations, Homogenous and Non Homogenous have 

aroused the interest of numerous mathematicians since antiquity [1-5]. In this context one may 

refer [6-9] for problems on the bi-quadratic Diophantine equations with five variables. However 

often we come across homogenous bi-quadratic equations and as such one may require its 

integral solutions in its most general form. This paper concerns with the problems of determining 

non-trivial integral solutions of the equation with five unknowns given 

by 22244 26 Twzyx . Explicit integral solutions of the above equations are presented. A few 

interesting relations among the solutions are obtained. 

Notations: 

m

nP   -  Pyramidal number of rank n with size m. 

nmT ,
- Polygonal number of rank n with size m. 

nPr  - Pronic number of rank n. 

nSO - Stella Octangular number of rank m. 

nPt -Pentalope number of rank n. 

METHOD OF ANALYSIS: 

The Bi-quadratic Diophantine equation with five unknowns to be solved is given by   

                                          
22244 26 Twzyx       (1) 

The substitution of the linear transformations 

   vuwvuzvuyvux 2,2,,       (2) 

in (1) leads to  

                   
222 26Tvu          (3) 

 (3) is solved through different approaches and the different patterns of solutions of (1) 

obtained are presented below: 
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PATTERN: 1 

 Consider (3) as, 

   
2222 25 TTvu   

and write it in the form of ratio as 

    0,
5

5
b

b

a

Tu

vT

vT

Tu
 

The above equation is equivalent to the system of equations 

    0)5( Tabavbu         (4) 

                                    0)5( Tbabvau       (5) 

Solving (4) & (5) by the method of cross multiplication, we have  

                               
22

22

22

2 5

10

baT

abbav

abbau

                           (6)  

Substituting (6) in (2) , we get  

                                 

22

22

22

22

22

),(

187),(

223),(

86),(

124),(

babaTT

abbabaww

abbabazz

abbabayy

abbabaxx

 

           which represent the non-zero distinct integer solutions to (1). 

PROPERTIES: 

 65mod61,1,1,1, ,14 AtAWAZAYAX  

 16mod612061,1,1,1, ,6,10

52

,4

2222

aaAA ttPtAAWAAZAAYAAX

 

 29mod6246012,12,12,12, ,62

2

,4

2222

AAA ttSOAAWAAZAAYAAX
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 17mod62418012,12,12,12, ,38

2

,4

2222

AAA ttOHAAWAAZAAYAAX

 

 65mod71,1,1,1,1, ,12 AtATAWAZAYAX  

 AAWAAZAAYAAX ,,,,10  is a Nasty Number. 

PATTERN: 2 

          Assume  

  )51)(51(26 ii         

 (7) 

Write T as 

  
22),( babaTT         

 (8) 

Substituting (7) and (8) in (3) and employing the method of factorization, define 

  2))(51( ibaiivu  

Equating real and imaginary parts in the above equation, we get 

abbav

abbau

2)(5

10

22

22

         

 (9) 

Substituting (9) in (2),the corresponding integer solutions to (1) are given by 

abbabax 8)(6, 22

 

abbabay 12)(4, 22

 

abbabaz 18)(7, 22

 

abbabaw 22)(3, 22

 

22, babaT  

PROPERTIES: 

 19mod21,1, ,6 AtAYAX  
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 14mod3123012,1, ,32

2

,4

22

AAA ttSOAAZAAY  

 12mod41612012,12, ,26

2

,4

22

AAA ttOHAAWAAZ  

 89mod3030601,1, ,62

2

,4

522

AAA ttPAAWAAX  

 9mod4221,1, ,6 ArA tPAATAAW  

 AAT ,3 is a Nasty Number. 

PATTERN: 3 

 Instead of (7), consider 26 as 

   ii 5526         (10) 

Following the analysis similar to pattern-2, the corresponding integer solutions to (1) are 

given by, 

abbabax 8)(6, 22

 

abbabay 12)(4, 22

 

abbabaz 6)(11, 22

 

abbabaw 14)(9, 22

 

22, babaT  

PROPERTIES: 

 49mod1040412,12, ,102

2

,4

22

AAA ttSOAAYAAX  

 44mod15601812,12, ,92

2

,4

22

AAA ttOHAAZAAY  

 2mod120161,1, ,4

2

,4

522

AAA ttPAAWAAZ  

 26mod131,1, rAPAAWAAX  

 60mod3636232,1 ,6

42

,4 AAA tPtAAAAT  

 AAWAAZ ,,30   is a nasty number 
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PATTERN: 4 

Consider (3) as 

 1*26 222 Tvu          (11) 

Write 1 as 

 222

2222 22
1

nm

mninmmninm
     (12) 

Substituting (7) and (12) in (11) and employing the method of factorization, define 

 22

22
2 2

51
nm

mninm
ibaiivu  

Equating the real and imaginary parts in the above equation, we get 

 abbamnabbanm
nm

u 25210
1 222222

22  

 abbamnabbanm
nm

v 10225
1 222222

22  

Replacing ‘a’ by Anm 22

  and ‘b’ by  Bnm 22

 in the above equations, we have  

 

 ABBAmnABBAnmnmu 2)(5210)( 22222222

  (3) 

 ABBAmnABBAnmnmv 1022)(5)( 22222222

 

Substituting (13) in (12), we’ve 

ABBAmnABBAnmnmBAnmx 3886,,, 22222222

  

ABBAmnABBAnmnmBAnmy 43434,,, 22222222

 

ABBAmnABBAnmnmBAnmz 2818187,,, 22222222  

ABBAmnABBAnmnmBAnmw 6112223,,, 22222222  

22222,,, BAnmBAnmT  
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Which represent the non- zero distinct integer solutions to (1). 

PATTERN: 5 

 Substituting (10) and (12) in (11) and following the procedure as in pattern-4 , the 

corresponding integer solutions to (1) are given by, 

ABBAmnABBAnmnmBAnmx 84286,,, 22222222

  

ABBAmnABBAnmnmBAnmy 1262124,,, 22222222

 

ABBAmnABBAnmnmBAnmz 2822414,,, 22222222  

ABBAmnABBAnmnmBAnmw 4142288,,, 22222222  

22222,,, BAnmBAnmT  

PATTERN: 6 

Consider (3) as  

  1*26 222 uvT         (14) 

Assume    

  2226 bau          (15) 

Write (1) as  

  5265261             (16) 

 Substituting (15) and (16) in (14) and employing the method of factorization, define 

5262626
2

bavT  

Equating the rational and irrational parts in the above equation, we get  

abbav

abbaT

52265

1026

22

22

        (17) 

Using (15) and (17) in (2), we get  

abbabax 524156, 22
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abbabay 526104, 22

 

abbabaz 523182, 22

 

abbabaw 52778, 22  

abbabaT 1026, 22  

which represent the non-zero distinct integer solutions to (1). 

 

CONCLUSION: 

In this paper, six different patterns of integer solutions to (1) are presented. It is worth to note 

that in (2), the transformations of z and w may also be taken as uvwuvz 2,2 . 

To conclude, one may search for other patterns of non-zero distinct integer solutions to the considered 

Bi-quadratic with 5 unknowns and their corresponding properties. 
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